The measurement process uncertainty is propagated through the use of a calibration curve. The magnitude and direction of this uncertainty depends on the choice of the controllable variable in producing the calibration curve; in other words, the design of the calibration experiment. In this paper this design is discussed in the context of Scheffe's approach to the uncertainties of a calibration curve and in particular for the case in .which the calibration curve is a linear spline. A class of appropriate designs is given, which depend on the location of the knots and the slopes of the segments. One of these designs is quickly calculable and can be found without a com· puter. Based on these results, a design approach is suggested for the case in which the knots are not known exactly.
Introduction
This paper considers some design aspects of the calibration problem within the uncertainty formulation given by Scheffe [1973] . A mathematical and statistical relationship is assumed to exist between two quantities U and v where v is generally more expensive or difficult to measure than U. For a given value of v, observations on U are assumed to be random with a mean value Scheffe [1973] shows how a "calibration chart" can be constructed which results in a band around the curve u = m (v,(J) . (Throughout we shall view U and v as plotted in the vertical and horizontal directions respectively, and thus differ from Scheffe by using the conventional axes.) These bands are used to construct an interval estimate /(u) for the unknown value of v. The bands are constructed for a given a and d so that "for every possible sequence of constants Vi * the probability is at least I-d that the proportion of intervals containing the corresponding Vi" is in the long run at least I-a. " The reader is referred to Scheffe [1973] ·C enter for Applied Mathematics, National Engineering Laboratory and Scheffe, Rosenblatt, and Spiegelman [1980] for further discussion and interpretation of the bands. Alternative approaches to the uncertainty of the calibration problem can also be found in Lieberman, Miller, and Hamilton (1967) and the National Bureau of Standards Special Publication 300 on Precision Measurement and Calibration, Ku (1967) . In order to prevent the diversion (theft) of nuclear material it is important to be able to determine, within the context of statistical uncertainties, the amount of radioactive material in the tank when a pressure measurement is taken. It is clear that the larger the uncertainty limits on the volume estimates, the more likely it is that the diversion of some material will go undetected. For this reason designs which result in large statistical uncertainties for volume estimates are to be avoided. Therefore, the designs for calibration experiments given here seek to minimize the maximum uncertainty limits that result from the use of a cali· bration curve.
In order to obtain the shape of the calibration curve, m, the basic relationships of physics between pressure and volume are given. For a homogeneous liquid the pressure reading is proportional to the height of the liquid in the tank, h. Since volume = v = lA(x)dx, where A(x) is the cross sectional area at height x, and pressure = P = gdh, where g is the acceleration due to gravity, and d is the density of the liquid, the Pl d volume-pressure relationship may be written as v = oA(x)dx. Thus the pressure-volume relationship of a constant density liquid is a straight line if the cross sectional areaA(x) is constant However often there are significant obstructions in the tank. In these cases the cross sectional area is not constant and the calibration relationship is not well-approximated by a straight line. These obstructions are of the nature of cooling coils, mechanisms to agitate the liquid or supporting metal to strengthen the tank. An abrupt obstruction would cause a sharp change in slope of the pressure volume relationship. When all obstructions are abrupt, relative to the size of the tank, it can be seen that a linear spline (given below) is appropriate. (In some cases obstructions would change the cross sectional area in a significantly more gradual manner, in these cases nonlinear splines might be appropriate.)
In this case the pressure volume relationship can be usefully represented as a linear spline
where z+ = max {O,z}. The quantities ~ 1 < ~2 < . . . < ~k are called "knots" and these will occur wherever the cross-sectional area changes. In eq (1.2) the function is a + bv for v below ~ I ' The curve is continuous and changes to slope b + blat the point ~ I, etc.
When calculating the estimates of the calibration curve from the data it is often convenient to work with a more complicated but also more numerically stable basis than that used in (1.2). We use ~o and ~k+1 for the smallest and largest volume readings respectively. Then define
These are called B-splines. They are simply triangular type functions over successive pairs of intervals. With this basis the value (3, in
is given by the value of m(v) at ~i' i.e. (3i = m(t), i = 0,1, ... ,k+ 1. An excellent discussion of splines is given in de Boor [1978] . The Scheffe calibration bands around the function (1.3) produce various width inverse intervals J(u) for the corresponding unknown value v. It is clear that the wider the band is in the vertical u direction the wider are the horizontal intervals J(u). In addition, however, low slope values of the curve m(v) in(1.3) will produce much larger intervals J(u) than large slopes will.
For the reason explained earlier we would like to have the maximum (over the range of u values) of the lengths of the intervals J(u) as small as possible. This will also be useful when one wishes to make a single quantitive statement about the overall accuracy of the calibration. It is possible to keep the maximum of J(u) small if higher precision can be obtained in estimating the true curve t\v) in regions where it has lower slope. This precision is measured through the variance or standard deviation of our estimate of the response curve m(v). More observations are needed where the knots OCCl,H and where the slopes are low. The design problem is to see what quantative statements can be made about where the values v" Vb . .
• ,V" should be chosen to obtain corresponding readings U" Ub . • • ,U" in the calibration experiment
Typically the first few values of V are taken nearly evenly spaced so that a judgment as to whether the calibration experiment is in control or not can be made. If the calibration experiment is under control then the experimenter can choose the rest of his "v" values to minimize, to the extent possible, the uncertainty limits that result from using the calibration curve.
In section 2 some consideration is given to the selection of v" V2, • • • ,v"' and a procedure is proposed. An illustrative example is described in section 3. Some discussion is given in section 4.
Choosing the volume values
As mentioned in the previous section it is desirable to keep the maximum width of the intervals J(u) at a minimum. In order to do this we consider a general curve (see fig. 1 ) of the form ...
In order to minimize ma;: J(u) we draw a band of constant horizontal width 2d about the curve. The Scheffe bands are produced by considering
The notation will be explained carefully below. Our intent is to choose d so that the constant width curve just contains (2.2). The values v" ... ,Vn will then be chosen so as to minimize d, these values enter mainly through the quantity S(v).
To explain the notation, the quantity a is an estimate of the standard deviation a in our pressure readings. We . will assume for simplicity that a is known and therefore take a = a. Some discussion in section 4 will be given to this matter. The quantities c, and Cz are constants depending on the values of a and d mentioned in the introduction. The function S(v) is, except for a factor of a, the standard deviation of the estimate of m( v,{3) for a fixe d value v of the volume. If we let
where the matrix M{JA) is given by 
The goal is to consider the maximum of the horizontal widths of 
It will be shown at the end of this section that arc, + czS(v)] is convex in v on each segment [~i' t+,], i = 0, 1, . . . ,k. The ri ght hand side of (2.5) then consists of convex segments, while the left hand side consists of linear segments. Equations (2.5) and (2.6) will then hold provided they hold at the knots of the left hand side. Thus we require (2.5) to hold for
and (2.6) should hold at the points. The values of no> n" . .. ,nHI (lni = n) and d which give equality in(2.13) should give a minimal value for d for fixed n. Solving for n, in (2.13) we get
14)
The solution given by eq 2.14 is a nonlinear equation in d. In cases where the sample size n is large we
give an approximate solution which requires solving no nonlinear equations. Equation (2.13) gives
otlce t at t e quantLhes ----:-r--= Ji vary inverse y Wlt Yi'
YiV ni
As an approximate solution we can min max j; by setting For the special form of response considered in this paper it is possible to modify the Scheffe solution to shrink d further. Since the resulting solution is complicated and the design can be found only by using a computer, this solution is presented in the appendix.
A way to implement the procedure when the knots are estimated
It is often the case that the exact knot locations are not known precisely. However, in many situations a priori information is available about knot locations. In other situations there is data available so that the knot locations can be estimated.
In both of the above situations the Scheffe theory does not exactly apply. However, it is reasonable to expect that if the estimates of the knots are good then the Scheffe theory is a reasonable description of the actual uncertainties involved. The exact theory for these situations is difficult and beyond the scope of this paper. Below we give a procedure that can be used to implement the designs derived in this paper, when the knots are estimated.
The preceeding development assumes that 0, ~i' fJi' and Yi are all known. Since in practice this is usually not the case, we suggest the following design plan, which incorporates a two phase procedure for collecting observa tions. The general design plan would then be as follows:
(1) Take a preliminary set of mo observations (these may be spaced equally or wherever they appear to give a good overall robust design). (2) should then be chosen to make the combined set have roughly ni observations near, and uniformly distributed about, t. This scattering about t will help to reduce potential bias caused by imperfect estimation of the knots.
(4) Repeat steps (1), (2) and (3) 
An illustration
To illustrate the effect of the procedure we considered a tank which was carefully studied. The tank volume was approximately 13,500 L. The equation of the pressure = U versus the volume = v was thought to be
The equation was assumed to be valid over the range ~o = 1700 L to ~ '0 = 13,500 L. Throughout the example we assume that the knot position, the slopes and the standard error a are known. In this case the effect of the design in the simplest case will be isolated. Some discussion of this will be given in the next section. The knots and slopes are then taken as in the above equation. The standard error a was taken to be a = 1.6 Pa. . Since these were roughly equal it was proposed that the number of observations around each knot should be taken to be equal. The following two designs were then compared.
Design 1. Take n = 86 observations equally spaced over the entire range ~o = 1700 to ~ 10 = 13,500.
Design 2. Take n = 30 observations equally spaced over ~o to ~ '0' The remaining are chosen to make an approximately equal number around each knot(see part [5] in the design).
Using the above two designs, we simulated using normally distributed error on the pressure readings with standard deviation 1.6 pascals for the corresponding volume readings, using eq (4.1) and ran a calibration chart for each design. The graphs in figure 2 show the width of the confidence intervals versus the volume Volume -Thousand Liters for the two designs. It seems clear that in the area where the knots are concentrated, between 40000 and 8000 L, the proposed design is superior to the equally spaced design, and that the maximum for design 2 is significantly less than the maximum for design 1.
Discussion
The It seems, however, that the procedure will generally give lower overall width than the evenly spread design. The Scheffe procedure gives bands, which in our case are" square root parabolic" on segments between knots. In that procedure, the form of the regression function is assumed known and probabilistic statements are made concerning statements that the true volume v, corresponding to a given reading U = u, is contained in an interval J(u). In our situation the unknown knots t prevent us from assuming that our regression functions g.{v) are known. Any attempt at making exact confidence statements is then in question.
Since blueprints of the tanks are usually available, and n is often large, the uncertainties added by estimating the ~i with the aid of blueprints is often not serious. However techniques such as cross validation (the use of half of the observations to estimate the knots and the other half to test whether these knots are properly located) ought to be used to assure that this is the case.
Appendix
In this appendix we take advantage of the form of the unknown function m to produce bounds which are shorter than Scheffe's when 0 2 is based on a large number of degrees of freedom. In order to facilitate the explanation we assume that a is known.
For the curve in figure 1 the implicit bounds on mare
For the Scheffe formulation of uncertainty for the calibration to hold, m must lie in the region described by (A.I) with probability (1-0).
Recall that hi = dsi, and that S(O = 1/V ni.
In addition define i=O, .. . ,k+ 1
Then the probability of m lying in the region described by (A. 1 ) is greater than or equal to
Bk+l
The correct theoretical choices of ni i = 0, . .. ,k + 1 can be obtained by setting expression (A.2) equal to (1-0) and solving for the design which gives minimum width as in(2.I4).
For many purposes this solution might be difficult to obtain. Therefore it may be useful to approximate if each term in the product is > 0 -co otherwise
Step 1. Start with the solution (2.16) denoted by n., and
Step 2. Produce equality off(d,n,,) with 10g(l-d) by changing d if necessary, call it do.
Step 3. Maximizef(do,n) with respect to n and denote by n, the maximizing n, i.e. Supf(do,n) = f(do,n,), where the supremum is taken over the region n > 0, }:ni = n.
Step 4. Iterate steps 2 and 3 generating di and n i at the ith iteration until no significant improvement is possible. Round to the nearest integers ~ 1 to obtain a reasonable choice of ni •
PROOF OF CONVERGENCE [for non·rounded solution]:
Since f(d,n) is monotonically increasing in d it is clear that the sequence of d's {di }, obtained from the algorithm are monotonically decreasing. This implies that the sequence {d.} has a limit which is denoted by d*.
k+'
Since the set of nonnegative n,'s such that ~ ni = n is compact it follows that every subsequent of {ni} has a convergent subsequence. Let {nJ, jEj, be a convergent subsequence having a limit which is denoted byn*. The strict monotonicity offin d implies that
